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1. INTRODUCTION 
Let S denote the class of functions f(z) = z + uaz2 + ... analytic and 
univalent in the open unit disk E. Let K, S*, C denote, respectively, the 
subclasses of S whose members are convex, starlike relative to the origin, 
and close-to-convex [2]. The purpose of this paper is to find the smallest 
positive values of (Y and /3 such that Re{G(z)p > 0 and Re{g(z)}B > 0 for 
z E E, where G(z) = f(z)/{-f(-z)}, g(z) =f’(z)/f’(-z) for f in K, S*, 
and C. In particular, we obtain the following sharp results. 
THEOREM 1. If f E K, then Re{g(z)}r/z > 0 and Re{G(z)} > 0 for z E E. 
THEOREM 2. If f E C, then Re{g(z)}li4 > 0 for z E E. 
THEOREM 3. If f E C, then Re{G(z)}l13 > 0 for z E E. 
Since f E S* if and only if Jff (t)/t dt is in K, it follows from Theorem 1 
that Re(G(z))r12 > 0 for z E I?? when f E S*. We may replace C by S* in 
Theorem 2 because S* C C and the function providing sharpness is the Koebe 
function. For f E K, indeed for f E S*(g), we show that Re{G(z)} > 0 
for z E E. Provided also is an example of a spirallike function for which no 
such OL and j3 exist. 
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2. PROOF OF THEOREM 1 
For f~ K, ) x 1 = Y < 1, we consider 
log g(z) = ~-~-$# dt = J,, 
*eo+“f”(rei~) irei” de 
f’o ’ 
where t = reie, --z = reieo. The imaginary part of this expression is 
Forfc K we have Re{zf”(z)lf’(z) + I} > 0 for z E E. It follows that 
argg(z) > -r. (2) 
Since z is any point in j z 1 = r, we may replace .z by -z in (2) to obtain 
i I arg&)I < 42, z E E. 
Sharpness follows easily from consideration of f(z) = z/( 1 - z). For fixed /3, 
0 < /I < 1, let S*(p) denote the subclass of S* consisting of functionsf such 
that Re{zf’(z)/“(z)} > ,f3, z E E [4]. Then f E S*(p) if and only if 
z[f(z)/z]l’(l-8’ E S*. From the latter characterization of the class K(/3), we 
obtain the following sharp result. 
If frz S*(p), then 
Re{G(z)}l12(l-a’ > 0 for z E E. 
In particular, Re{G(z)} > 0 for z E E when f~ S*(h). Since KC S*(a) [6], 
we have that Re{G(z)) > 0 for z E E iffg K. The sharpness for this result is 
provided by the function z/(1 - z). Bernardi [I] has previously established 
these facts. 
3. PROOF OF THEOREM 2 
ForfEC, jzI=r<lwehave[2] 
s 02 
8, 
~~ /reiOf”(reie) + I\ &I > -n 
f’(reie) ! 
for all 19, 0, such that t9i < t9, < 0, + 277. Considering (1) with --z = reiso, 
0, = 8, , e2 = 0, + rr, we then proceed as in the proof of Theorem 1. Sharp- 
ness is provided by the Koebe function f(z) = z/( 1 - z)“. 
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A corresponding result may be obtained for CS* [4], the class of close-to- 
starlike functions, by using the relationship 
fECS if and only if 
s 
-f(t)/tdtEC 
0 
and then applying Theorem 2. If f E CS*, then Re{G(z)}l/l > 0 for z E E. 
This result is sharp. 
Remark. It is well known that functions in CS* need not be univalent; 
indeed f ‘(--a) may vanish, while, for the same z E E, f ‘(2) does not. Consider, 
for example, the function h(z) = z( 1 + x)/( 1 - .z)” E CS* whose derivative 
vanishes at z = -2 + d/3. For f 6 CS*, therefore, the ratio g(z) is not 
always analytic for z E E. 
3. PROOF OF THEOREM 3 
Returning to the class C, we have the following result, due to Kim and 
Merkes [3], which we state without proof. 
LEn~mr.4 1. IffgC, thenfor8d8,<8,~2nandO~r<l 
(3) 
We put e2 = 0r + rr into (3) to obtain, for f E C, 
We also have 
arg{f(z)if(--z)} = Im{log f (z)if(--z)} = k”7 Re /rt+’ w] de, 
I 
where --z = Y&% Thus by (4) 
-342 G -T + arg{f(z)/f(--x)} G 3d2, 
from which we conclude 
(4) 
8 I arg GM d 742 
for each f E C. For sharpness consider the function f (z) = z( 1 + p.z)/(l + z)~, 
p = (cos y) eiY, 0 < y < 7r, which is close-to-convex with respect to 
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+(z) = -ie%/(l + 2). Let A = (I + pz)/(l - pz), B = (1 - z)/(l + a). 
Then for the function f, G(z) = AB2. An examination of how the functions 
Am, B2u map the boundary of the unit disk shows that with z = eie, it is 
possible to choose 8, --rr < 6 < V, such that Aa and B*” are both vectors in 
the first quadrant when rr/2 < y < n. In fact, with 8 = -y + 3712, 
~12 < y < T, we have 
01 arg(AB*) = OL arcsin 12yII$ 1 + WT. 
If 01 > +, there is a sufficiently small positive E such that for y = 7~ - E, the 
expression (5) exceeds r/2. Thus, there is a function f E C of the form 
~(1 + pz)/(l - .z)~, p = cos ye-‘?‘, r/2 < y < r, such that Re{G(z))” < 0 
for some z E E. 
Remark. There is no (y. > 0 such that for z E E, Re{G(z)}” > 0 for every 
f E S. Indeed, set f(z) = zexp{~log(l+z)}forfixed~with~~+f~~l. 
This function is spirallike and hence is in S [6]. For this f we have, with 
p = u + iv, 
1+x 1+x arg G(z) = II arg G + v log E . I I 
If v # 0, then et log I(1 + z)/( 1 - z )I . is not bounded in E. Hence we cannot 
have arg(G(z))” bounded for any OL > 0. 
Using the same function and a similar argument, it can also be shown 
that there is no 01 > 0 such that Re{g(z))a > 0 for every f E S. 
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